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Abstract
We carry out the Hamiltonian formulation of the three-dimensional
gravitational teleparallelism without imposing the time gauge condi-
tion, by rigorously performing the Legendre transform. Definition of
the gravitational angular momentum arises by suitably interpreting
the integral form of the constraint equation Γik = 0 as an angular mo-
mentum equation. The gravitational angular momentum is evaluated
for the gravitational field of a rotating BTZ black hole.
PACS NUMBERS: 04.20.Cv, 04.20.Fy
(*) E-mail: adellane@cpd.ufmt.br
1
1 Introduction
The search for a consistent expression for the gravitational energy and an-
gular momentum of a self-gravitating distribution of matter is undoubtedly
a long-standing problem in general relativity. The gravitational field does
not possess the proper definition of an energy momentum tensor and an
angular momentum tensor and one usually defines some energy-momentum
and angular momentum as Bergmann [1] or Landau-Lifschitz [2] which are
pseudo-tensors.The Einstein’s general relativity can also be reformulated in
the context of the teleparallel (Weitzenbo¨ck) geometry. In this geometri-
cal setting the dynamical field quantities correspond to orthornormal tetrad
fields ea µ (a, µ are SO(3,1) and space-time indices, respectively). These
fields allow the construction of the Lagrangian density of the teleparallel
equivalent of general relativity (TEGR), which offers an alternative geomet-
rical framework for Einstein’s equations. The Lagrangian density for the
tetrad field in the TEGR is given by a sum of quadratic terms in the torsion
tensor T a µν = ∂µe
a
ν − ∂νea µ, which is related to the anti-symmetric part
of Cartan’s connection Γλµν = e
aλ∂µeaν . The curvature tensor constructed
out of the latter vanishes identically. This connection defines a space with
teleparallelism, or absolute parallelism [3].
The Hamiltonian formulation, when consistently established, not only
guarantees that field quantities have a well defined time evolution, but also
allow us to understand physical theories from a different perspective. We
have learned from the work of Arnowitt, Deser and Misner (ADM) [4] that
the Hamiltonian analysis of Einstein’s general relativity reveals the intrinsic
structure of the theory: the time evolution of field quantities is determined
by the Hamiltonian and vector constraints. Thus four of the ten Einstein’s
equations acquire a prominent status in the Hamiltonian framework. Ulti-
mately this is an essential feature for the canonical approach to the quantum
theory of gravity. In the framework of the TEGR it is possible to make def-
inite statements about the energy and momentum of the gravitational field.
This fact constitutes the major motivation for considering this theory. In the
3+1 formulation of the TEGR [5], and by imposing Schwinger’s time gauge
condition [6] for the tetrad field by fixing e(k)
0 = 0 which implies e(0) k = 0,
it is found that the Hamiltonian and vector constraints contain each one a
divergence in the form of scalar and vector densities, respectively, that can
be identified with the energy and momentum densities of the gravitational
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field [7]. This identification has proved to be consistent, and it has been
demonstrated that teleparallel theories provide a natural instrument for the
investigation of gravitational energy. The most relevant application is the
evaluation of the irreducible mass of the Kerr black hole [8].
In the Hamiltonian formulation of the TEGR, with no a priori restric-
tion on the tetrad fields, there arises a set of primary constraints Γik that
satisfy the angular momentum algebra [9]. Following the prescription for
defining the gravitational energy, the definition of the gravitational angular
momentum arises by suitably interpreting the integral form of the constraint
equation Γik = 0 as an angular momentum equation. It has been applied
this definition to the gravitational field of a thin, slowly rotating mass shell
[10].
On the other hand, gravity theories in three dimensions have gained con-
siderable attention in the recent years. The expectation is that the study of
lower-dimensional theories will provide relevant information about the corre-
sponding theory in four dimensions. A family of three-parameter teleparallel
theories in 2+1 dimensions are proposed by Kawai [11], and a Hamiltonian
formulation was developed [12]. The definition of energy of the gravitational
field [13] was proposed with the use of the orthornormal triads fields ea µ
(a, µ are SO(2,1) and space-time indices, respectively) in Schwinger’s time
gauge [6].
In this paper we carry out the Hamiltonian formulation of this three-
parameter theory in three-dimensions without imposing the time gauge con-
dition, by rigorously performing the Legendre transform. We have not found
it necessary to establish a 2+1 decomposition for the triad field. Follow-
ing Dirac’s method [14], we find that the three-parameter family is reduced
to one-parameter family. We conclude that the Legendre transform is well
defined only if certain conditions on the parameters are satisfied. These con-
ditions are c1 +
8
3
c3 = 0 and 3c1 + 4c2 = 0 (These results appeared in the
canonical formulation by imposing the time gauge condition). These are the
conditions for the formulation to be well defined from the point of view of the
initial value problem. The value of this unique parameter was fixed in previ-
ous works of the author [13] as -2/3, leading to the solution of the so-called
three-dimensional BTZ black hole solution [15] in the teleparallel geometry.
Since its discovery in 1992, BTZ black hole solution has often been used in
current literature as a simple but realistic model for black hole physics.
The BTZ solution has been used to study quantum models in 2+1 dimen-
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sions because the corresponding models in 3+1 dimensions are very compli-
cated [16]. The constraint algebra of the theory suggests that certain mo-
mentum components are related to the gravitational angular momentum. It
turns out to be possible to define, in this context, the angular momentum
of the gravitational field. We apply this definition to the gravitational field
of a rotating BTZ black hole. It turns out, however, that consistent val-
ues for the gravitational angular momentum are achieved by requiring the
triad field to satisfy (a posteriori) the time gauge condition (this seems to
be a requirement to obtain the irreducible mass of the Kerr black hole, in
the quadridimensional case) [10]. In the region near to the surface of the
BTZ black hole r > r0, we arrive at M
12 ≃ −J
2
(
1− r0
r
)
where J is the
angular momentum of the source and r0 is the external horizon of the BTZ
black hole. We compare our expression of gravitational angular momentum
with the result obtained by means of Komar method (this approach assumes
the existence of certain Killing vector fields that allow the construction of
conserved integral quantities) [17]. We find that the results are different.
However, it is noted that the result obtained by means of our method is
much simpler and does not depend on Killing vectors. We confirm that we
are dealing with the angular momentum of the gravitational field and not of
the source of the field. These results indicate that the alternative geometri-
cal formulation provided by the TEGR allows to obtain expressions for the
energy, momentum and angular momentum of the gravitational field.
The article is divided as follows. In the section 2, we review the La-
grangian formulation and carry out the Hamiltonian formulation of arbitrary
teleparallel theories without fixing gauge. In the section 3, we obtain a real-
istic measure of the angular momentum of the field in terms of the angular
momentum of the source. In the section 4, we compare our result with the
gravitational angular momentum of BTZ black hole calculated by means of
the Komar method. Finally, in the section 5, we present our conclusions.
We employ the following notation. Space-time indices µ, ν, ... and SO(2,1)
indices a, b, ... run from 0 to 2. Time and space indices are indicated according
to µ = 0, i, a = (0), (i). The triad field ea µ yields the definition of the
torsion tensor: T a µν = ∂µe
a
ν−∂νea µ. The flat Minkowski space-time metric
is fixed by ηab = eaµebνg
µν = (−++).
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2 Hamiltonian formulation
We begin by introducing the three basic postulates that the Lagrangian den-
sity of the gravitational field in empty space, in the teleparallel geometry,
must satisfy. It must be invariant under (i) coordinate transformations, (ii)
global [SO(2, 1)] Lorentz’s transformations, and (iii) parity transformations.
In the present formulation, we add a negative cosmological constant Λ = − 2
l2
to the Lagrangian density. The most general Lagrangian density quadratic
in the torsion tensor is written
L = e
(
c1t
abctabc + c2v
ava + c3aabca
abc
)
(1)
where c1, c2 and c3 are constants, e = det (e
a
µ) , and
tabc =
1
2
(Tabc + Tbac) +
1
4
(ηcavb + ηcbva)− 1
2
ηabvc , (2)
va = T
b
ba , (3)
aabc =
1
3
(Tabc + Tcab + Tbca) , (4)
Tabc = e
µ
b e
ν
c Taµν . (5)
The definitions given above correspond to the irreducible components of the
torsion tensor [11]. The field equations for the Lagrangian density (1) are
obtained in Ref. [11].
The Hamiltonian formulation is obtained by writing the Lagrangian den-
sity in first-order differential form. For this purpose we introduce an auxiliary
field quantity ∆abc = −∆acb that will be related to the torsion tensor. The
first-order differential Lagrangian formulation in empty space-time reads
L(e,∆) = −eΛabc (∆abc − 2Tabc) , (6)
where
Λabc = c1Θ
abc + c2Ω
abc + c3Γ
abc,
and Θabc, Ωabc and Γabc are defined as,
Θabc =
1
2
∆abc +
1
4
∆bac − 1
4
∆cab +
3
16
(
ηca∆b − ηba∆c
)
, (7)
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Ωabc =
1
2
(
ηab∆c − ηac∆b
)
, (8)
Γabc =
1
3
(
∆abc +∆bca +∆cab
)
, (9)
where Tabc = eb
µec
νTaµν and ∆b = ∆
a
ab.
Variation of the action constructed out of (6) with respect to ∆abc yields
an equation that can be reduced to ∆abc = Tabc. This equation can be
split into two equations:
∆a0k = Ta0k = ∂0eak − ∂kea0 ,
∆aik = Taik = ∂ieak − ∂keai . (10)
The Hamiltonian density will be obtained by the standard prescription
L = pq˙ −H0 and by properly identifying primary constraints. We have not
found it necessary to establish any kind of 2+1 decomposition for the triad
field. Therefore in the following both eaµ and gµν are space-time fields. The
analysis developed here is similar to that developed in Refs. [9, 10].
The Lagrangian density can be expressed as
L(e, φ) = 4e Λa0k e˙ak − 4e Λa0k ∂kea0 + 2e Λaij Taij + eΛabc φabc , (11)
where the dot indicates time derivative, and Λa0k = Λabc eb
0 ec
k, Λaij =
Λabc eb
i ec
j .
Therefore the momentum canonically conjugated to eak is given by
P ak = 4 e Λa0k . (12)
In terms of (12) expression (11) reads
L = P ak e˙ak − P ak ∂kea0 − eΛaij(−2Taij +∆aij)− 2eΛa0i∆a0i . (13)
The last term on the right hand side of equation (13) is identified as
2eΛa0i∆a0i =
1
2
P ai∆a0i.
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The Hamiltonian formulation is established once we rewrite the Lagrangian
density (13) in terms of eak, Π
ak and further nondynamical field quantities.
It is carried out in two steps. First, we take into account equations (10)
and (13) so that half of the auxiliary fields, φaij , are eliminated from the
Lagrangian density by means of the identification
∆aij = Taij . (14)
Therefore we have
L(eak, P
ak, ea0,∆a0k) = P
ake˙ak + ea0∂kP
ak − ∂k(ea0P ak) (15)
−e
[
1
4
gikgjlT a klTaij
(
c1
2
+
c3
3
)
+
(
−1
2
c1 +
2
3
c3
)
gilT j klT
k
ij+
+
(
−3
4
c1 + c2
)
gikT j jiT
n
nk
]
−1
2
∆a0k
{
P ak − 2e
[
gi0gjkT a ij
(
c1 +
2
3
c3
)
+
+eai(gj0T k ij − gjkT 0 ij)
(
−1
2
c1 +
2
3
c3
)
+
(
3
4
c1 − c2
)
(eakgi0 − ea0gik)T j ji
]}
.
2.1 The canonical momentum
The second step consists of expressing the remaining auxiliary field quanti-
ties, the “velocities” ∆a0k, in terms of the momenta P
ak. This is the nontrivial
step of the Legendre transform. Denoting (..) and [..] as the symmetric and
anti-symmetric parts of field quantities, respectively, we decompose P ak into
irreducible components plus terms of excess:
P ak = ea i P
(ik) + ea i P
[ik] + ea 0 P
0k + e
{
ea i
{
−
(
c1 +
8
3
c3
)
g00gik∆j 0j
+
1
2
(3c1 + 4c2) g
00gik∆j 0i +
7
+
(
c1 +
8
3
c3
)
g0ig0k∆j 0j − 1
2
(3c1 + 4c2) g
0ig0k∆j 0j +
+
(
c1 +
8
3
c3
)
gikg0j∆0 0j − 1
2
(3c1 + 4c2) g
ikg0j∆0 0j +
+
[(
c1 +
8
3
c3
)
− 1
2
(3c1 + 4c2)
]
g00gikT j jl
}
+
+
(
c1 +
8
3
c3
)
g00gjk∆i 0j −
(
c1 +
8
3
c3
)
g0kgj0T i 0j +
+
1
2
[
(3c1 + 4c2)−
(
c1 +
8
3
c3
)]
g0igkjT 0 0j +
+
(
c1 +
8
3
c3
)
gl0gjkT i lj −
−
[(
c1 +
8
3
c3
)
− 1
2
(3c1 + 4c2)
]
g0igklT j jl
+ea 0
{
1
2
[
(3c1 + 4c2)−
(
c1 +
8
3
c3
)]
g00gki∆0 0i −
−1
2
(3c1 + 4c2) g
0kg0i∆0 0i +
(
c1 +
8
3
c3
)
(g00gkl − g0lg0k)T j lj
+
1
2
(3c1 + 4c2) (g
0lg0k − g00gkl)T j lj +(
c1 +
8
3
c3
)
g00gik∆0 0i +
(
c1 +
8
3
c3
)
gi0gjkT 0 ij
}}
, (16)
where
P (ik) = −
(
c1 − 4
3
c3
)
e
{
g00(−gjk∆i 0j − gji∆k 0j + 2gik∆j 0j) +
+g0k(gj0∆i 0j + g
ji∆0 0j − g0i∆j 0j)
+g0i(g0j∆k 0j + g
kj∆0 0j − g0k∆j 0j)− 2gik g0j∆0 0j + N ik
}
, (17)
N ik = −g0l(gjkT i lj + gjiT k lj − 2gikT j lj)− (gklg0i + gilg0k)T j lj , (18)
8
P [ik] = −
(
c1 − 4
3
c3
)
e
{
−gligkjT 0 lj + (gilg0k − gklg0i)T j lj
}
, (19)
P 0k = 2
(
c1 − 4
3
c3
)
e
[
gi0gjkT 0 ij + (g
00gkl − g0lg0k)T j lj)
]
. (20)
where we have already identified ∆aij = Taij .
2.2 Conditions on the free parameters
Before carrying out the Legendre transform we can establish the conditions
under which the Lagrangian density will be exempt of the “velocities” ∆a0k.
We see that the excess terms, which contains several ∆a0k type terms, is
discarded if we require
c1 +
8
3
c3 = 0, (21)
3c1 + 4c2 = 0.
These results also appeared in the canonical formulation imposing the time
gauge condition [12]. The crucial point in this analysis is that only the
symmetrical components P (ij) depend on the “velocities” ∆a0k. The other
three components, P [ij] and P 0k depend solely on Taij . Therefore we can
express only three of the “velocity” fields ∆a0k in terms of the components
P (ij). With the purpose of finding out which components of ∆a0k can be
inverted in terms of the momenta we decompose ∆a0k identically as
∆a 0j = e
ai ψij + e
ai σij + e
a0 λj , (22)
where ψij =
1
2
(∆i0j + ∆j0i), σij =
1
2
(∆i0j − ∆j0i), λj = ∆00j , and
∆µ0j = e
a
µ∆a0j (like ∆abc, the components ψij , σij and λj are also auxiliary
field quantities). By defining
Πik =
1
e
P (ik) +
(
c1 − 4
3
c3
)
M ik , (23)
we find that Πik depends only on ψij :
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Πik = −2g00(gilgjkψlj − gikψ)+
+2(g0igklg0j + g0kgilgj0)ψlj − 2(gikg0lg0jψlj + g0ig0kψ) , (24)
where ψ = gikψik.
We can now invert ψmn in terms of Π
ik. After a number of manipulations
we arrive at
ψmn = − 1
2g00
(
gimgknΠ
ik − gmn Π
)
, (25)
where Π = gikΠ
ik.
At last we need to rewrite the third line of the Lagrangian density in
terms of canonical variables. By making use of (16), (21), (22) and (25) we
can rewrite
−1
2
∆a0k
{
P ak − 3
2
ec1
{
g0igjkT a ij−
−eai(g0jT k ij − gkjT 0 ij)+
+2(eakg0i − ea0gki)T j ji
}}
=
−1
2
∆a0k
{
−3
2
ec1
{
g00(−gik∆a 0i − eai∆k 0i + 2eak∆i 0i)+
+g0k(gi0∆a 0i + e
ai∆0 0i) + e
a0(g0i∆k 0i + g
ki∆0 0i)− (26)
−2(ea0gk0∆i 0i + eakg0i∆0 0i)
}}
,
in the form
−3
2
ec1
(
1
4g00
) (
gmignjΠ
mnΠij −Π2
)
. (27)
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2.3 Total Hamiltonian density
Thus we finally obtain the primary Hamiltonian density H0 = P
ake˙ak − L,
H0(eak, P
ak, ea0) = ea0∂kP
ak +
3
2
ec1
(
1
4g00
)(
gmignjΠ
mnΠij − Π2
)
−
−3
2
ec1
(
1
4
gikgjlT a klTaij − 1
2
gilT j klT
k
ij − gikT j jiT n nk
)
. (28)
We may now write the total Hamiltonian density. For this purpose we
have to identify the primary constraints. They are given by expressions (19)
and (20), which represent relations between eak and the momenta Π
ak. Thus
we define (primary constraints)
Γik = −Γki = P [ik] + 3
2
ec1 e
{
−gilgkjT 0 lj + (gilg0k − gklg0i)T j lj
}
,
(29)
Γk = P 0k − 3ec1 e
[
gjkg0iT 0 ij +
(
g00gkl − g0lg0kT j ij
)
T j lj
]
. (30)
Therefore the total Hamiltonian density is given by
H(eak, P
ak, ea0, αik, βk) = H0 + αikΓ
ik + βkΓ
k + ∂k(ea0P
ak) , (31)
where αik and βk are Lagrange multipliers.
3 Algebra of the gravitational angular mo-
mentum
The calculations of the Poisson brackets between these constraints are exceed-
ingly complicated. We describe here only the algebra of angular momentum.
The Poisson bracket algebra closes in quadridimensional formulation, since
all the constraints of the theory are first class.
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The Poisson bracket between two quantities F and G is defined by
{F,G} =
∫
d3x
(
δF
δeai(x)
δG
δP ai(x)
− δF
δP ai(x)
δG
δeai(x)
)
,
by means of which we can write down the evolution equations.
The Hamiltonian density determines the time evolution of any field quan-
tity f(x):
f˙(x) =
∫
d3y{f(x), H(y)}|Γik=Γk=0 . (32)
The Poisson brackets of primary constraints Γik are given by
{Γij(x),Γkl(y)} = 1
2
(
gilΓjk + gjkΓil − gikΓjl − gjlΓik
)
δ(x− y) , (33)
that resemble the ordinary algebra of angular momentum.
Finally we would like to remark that the Hamiltonian formulation of the
theory can be described more succinctly in terms of the constraints H0, Γ
ik
and Γk, by the Hamiltonian density in the form
H(eak, P
ak, ea0, αik, βk) = H0 + αikΓ
ik + βkΓ
k . (34)
without the surface term.
4 Gravitational angular momentum of a ro-
tating BTZ black hole
The main motivation for considering the angular momentum of the gravita-
tional field in the present investigation resides in the fact that the constraints
Γik, satisfy the algebra of angular momentum. Indeed, Ref. [10] presented
some progress in this respect.
Following the prescription for defining the gravitational energy out of
the Hamiltonian constraint of the TEGR and considering c1 = −2/3, we
interpret the integral form of the constraint equation Γik = 0 as an angular
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momentum equation, and therefore we define the angular momentum of the
gravitational field M ik according to
M ik =
∫
S
d2x P [ik] =
∫
S
d2x e
[
−gligkjT 0 lj + (gilg0k − gklg0i)T j lj
]
, (35)
for an arbitrary surface S of the bi-dimensional space.
4.1 The determination of triad fields of the BTZ black
hole
Since the definition of the above equation is a bi-dimensional integral we
will consider a space-time metric that exhibits rotational motion. One exact
solution that is everywhere regular in the exterior region of the rotating
source is the metric associated to a rotational BTZ black hole. The main
motivation for considering this metric is the construction of a source for the
exterior region of space-time. The metric reads [15]
ds2 = −N2dt2 + f−2dr2 + r2(N θdt+ dθ)2, (36)
where
N(r) = f(r) =
√√√√(−8GM + r2
l2
+
16G2J2
r2
)
, (37)
N θ(r) = −4G
r2
J, (38)
J can be identified with the angular momentum of the source. The gravita-
tional constant G has the dimensions of an inverse mass [15]. The space-time
geometry of the BTZ black hole is one of constant negative curvature and
therefore it is, locally, that of anti-de Sitter (Ads) space. Thus, the BTZ black
hole can only differ from the anti-de Sitter space in its global properties.
The set of triad fields that satisfy the metric is given by
eaµ =


(
−8GM + r2
l2
+ 16G
2J2
r2
)1/2
0 0
0
(
−8GM + r2
l2
+ 16G
2J2
r2
)
−1/2
0
−4GJ
r
0 r

 ,
(39)
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where the determinant of eaµ is
e= r. (40)
The only nonvanishing component of the torsion tensor that is needed in
the following read
T (2) 12 = 1 . (41)
The anti-symmetric components P [ik] can be easily evaluated. We obtain
P [12](r) = eT (2) 12g
02e 2(2) g
11, (42)
where
g02 = − 4GJ
r2
(
−M + r2
l2
+ 16G
2J2
r2
) ,
e 2(2) =
1
r
,
g11 =
(
−8GM + r
2
l2
+
16G2J2
r2
)
.
The only nonvanishing component of the angular momentum is given by
M12 =
1
16piG
∫
S
d2x P [12] = − 1
4pi
∫ 2pi
0
dθ
∫ r
r0
J
r
dr. (43)
The integral is calculated in the region near to the surface of the BTZ black
hole r > r0 [18], because the metric possess regular solution in the exte-
rior region of the rotating source. In the limit r → r0, the calculation is
straightforward. Since
∣∣∣r0
r
− 1
∣∣∣ < 1, we find
M12 =
J
2
ln
(
1 +
r0 − r
r
)
≃ −J
2
(
1− r0
r
)
, (44)
where r0 is the external horizon of the BTZ black hole. We identify M
12 as
the angular momentum of the gravitational field. This quantity is less than
the angular momentum of the source. In the limit r → ∞, we recover the
anti-de Sitter space and M12 → −∞, because the gravitational field is more
intense at points far from the black hole. Moreover we know that the energy
density of the gravitational field diverges in the limit r →∞ [19].
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5 Integral of Komar
In order to assess the significance of the above result, we present here the
angular momentum associated to the metric tensor by means of Komar’s
integral QK [17],
QK =
1
8pi
∮
S
√−g εαβµν∇[αξβ]dxµ ∧ dxν , (45)
where S is a surface of the “disk” of radius R→∞, ξµ is the Killing vector
field ξµ = δµ2 and∇ is the covariant derivative constructed out of the Christof-
fel symbols Γλµν . Introducing the gravitational constant G, the integral QK
reduces to
QK = −J
2
. (46)
where J is again the angular momentum of the source.
One expects the gravitational angular momentum to be of the order of
magnitude of the intensity of the gravitational field. We observe that Komar’s
integral yields a value proportional to the angular momentum of the source,
whereas M12 is smaller than QK . In similarity to Ref. [10], we observe
that M12 yields the angular momentum of the gravitational field, not of the
source, in contrast to QK .
6 Conclusions
In the context of Einstein’s general relativity rotational phenomena is cer-
tainly not a completely understood issue. The prominent manifestation of
a purely relativistic rotational effect is the dragging of inertial frames. If
the angular momentum of the gravitational field of isolated systems has as
meaningful notion, than it is reasonable to expect the latter to be somehow
related to the rotational motion of the sources, but not equal to the angular
momentum of the sources. The Hamiltonian formulation of TEGR in three
dimensions can provide an easy expression to calculate the gravitational an-
gular momentum with the use of the triad fields obtained from the metric. It
resulted to be smaller than Komar’s expression in the region near the black
hole. Komar’s expression is independent of the surface of integration, and
therefore its value does represent the angular momentum of the source, not of
15
the field. It is necessary to test our expression of angular momentum to other
configurations of the gravitational field, to verify its consistency. Efforts in
this respect will be carried out.
Acknowledgements
One of us (A. A. S.) would like to thank J. W. Maluf for the carefully read-
ing of the manuscript and comments. This work was partially supported
by the Brazilian agencies CNPq and FAPEMAT. Grants #478997/03-5 and
#549/04, respectively.
References
[1] P. G. Bergmann and R. Thomson, Phys. Rev. 89, 401 (1953).
[2] L. D. Landau and E. M. Lifshitz, The Classical Theory of Fields (Perg-
amon Press, Oxford, 1980). We note that the first Russian edition dates
1939.
[3] J. A. Schouten, Ricci Calculus, 2nd. ed. (Springer-Verlag, London,
1954), page 142.
[4] R. Arnowitt, S. Deser and C. W. Misner, in Gravitation: an Introduction
to Current Research, Edited by L. Witten (Wiley, New York, 1962).
[5] J. W. Maluf, J. Math. Phys. 35, 335 (1994).
[6] J. Schwinger, Phys. Rev. 130, 1253 (1963).
[7] J. W. Maluf, J. Math. Phys. 36, 4242 (1995).
[8] J. W. Maluf, E. F. Martins and A. Kneip, J. Math. Phys. 37, 6302
(1996).
[9] J. W. Maluf and J. F. da Rocha-Neto, Phys. Rev. D64, 084014 (2001).
[10] J. W. Maluf, J. F. da Rocha-Neto, T. M. L. Tor´ıbio and K. H. Castello-
Branco, Phys. Rev. D65 124001 (2002).
[11] T. Kawai, Phys. Rev. D48, 5668 (1993).
16
[12] A. A. Sousa and J. W. Maluf, Prog. Theor. Phys. 104, 531 (2000).
[13] A. A. Sousa and J. W. Maluf, Prog. Theor. Phys. 108, 457 (2002).
[14] P. A. M. Dirac, Lectures on Quantum Mechanics, Belfer Graduate School
of Science (Monographs Series No 2), Yeshiva University, New York,
1964.
[15] M. Ban˜ados, C. Teitelboim, and J. Zanelli, Phys. Rev. Lett. 69, 1849
(1992). M. Ban˜ados, M. Henneaux, C. Teitelboim, and J. Zanelli, Phys.
Rev. D48, 1506 (1993).
[16] S. Carlip, Class. Quantum Grav. 15, 3599 (1998).
[17] L. Fatibene, M. Ferraris, M. Francaviglia and M. Raiteri, Phys. Rev.
D60, 124012 (1999).
[18] M. Kamata and T. Koikawa, Phys. Lett. B391, 87 (1997).
[19] J. F. da Rocha-Neto and K. H. Castello-Branco, JHEP 0311, 002 (2003).
17
